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THE THIRD ORDER HELICITY OF MAGNETIC FIELDS
VIA LINK MAPS II.
R. KOMENDARCZYK∗
Abstract. In this sequel we extend the derivation of the third order helicity to magnetic
fields supported on unlinked domains in 3-space. The formula is expressed in terms of
generators of the deRham cohomology of the configuration space of three points in R
3
,
which is a more practical domain from the perspective of applications. It also admits an
ergodic interpretation as an average asymptotic Milnor µ¯123-invariant and allows us to obtain
the L2-energy bound for the magnetic field. As an intermediate step we derive an integral
formula for Milnor µ¯123-invariant for parametrized Borromean links in R
3
.
1. Introduction
In the recent work [21] the author derived a new formula for the third order helicity
H123(B; T ) of a volume preserving vector field B supported on invariant unlinked domains
∪iTi in the 3-sphere S3. Here by unlinked we understand disjoint compact handlebodies with
smooth boundary such that every pair of 1-cycles in H1(Ti) and H1(Tj), i 6= j has a linking
number zero, Figures 1 and 2 show examples of such domains. Note that it is a much weaker
property as unlinked in the standard sense of the word (see e.g. [34]).
A purpose of this sequel is to derive a formula for H123(B; T ) for domains ∪iTi of the
3-space R3, Theorem 2.2(i), as this setting is more natural from perspective of applications
to fluid dynamics [35]. The main theorems can be considered as an extension of Laurence
and Stredulinsky results from [25, 26] to vector fields supported on invariant unlinked han-
dlebodies in R3. It may seem at first like a minor improvement since S3 = R3 ∪ {∞}, and
one could simply “pull-back” the formula obtained in [21] to R3. However, the new formula
obtained here is qualitatively different, it involves familiar Green forms {ω1,2, ω2,3, ω3,1} rep-
resenting generators of the cohomology ring of the configuration space Conf3(R
3) of three
points in R3. It also allows us to derive an L2-energy bound for B (Theorem 2.8) which
involves the flat geometry rather than the spherical geometry, as in [21]. In our Key Lemma,
we obtain an integral for the µ¯123-invariant of 3-component Borromean links in R
3, i.e. links
with vanishing pairwise linking numbers. Note that the Borromean links are also known as
homotopy Brunnian [22, 23].
Helicity invariants measure topological complexity of the flow and are relevant in the
context of e.g. plasma physics where B is a magnetic field frozen in the velocity field of
plasma [35, 10, 31]. Most known helicity invariants, such as Woltjer’s helicity [2] or higher
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helicities introduced in [7, 39] are vector field analogs of Milnor linking numbers [29, 30]. All
of them, with an exception of Woltjer’s helicity, are defined under restrictive assumptions
either on the vector field B or its domain. The reader should consult [3, 19, 10] for background
material on helicity invariants and more specifically to Open Problem 7.18 posed by Arnold
and Khesin in [3, p. 176] which asks to what extent these restrictive assumptions can be
removed (see Remark 2.7). In physics, helicity invariants find a direct application in the
phenomena of magnetic relaxation. An interested reader will find a thorough exposition
of the subject in the work of Moffatt [31]. Specifically, Moffatt discusses why Borromean
configurations of invariant tubes are relevant for the magnetic relaxation process. In short,
if we minimize energy subject to keeping Woltjer’s helicity constant, as Woltjer did in 1958
[43], we obtain a “force-free” field (i.e. the Beltrami field). However, this field is not in fact
realized under natural evolution, because its helicity is not the only invariant. Therefore, a
construction of higher helicities may contribute to a better understanding of nature of the
energy minimizers. The author is not aware however if Borromean configurations have been
observed in dynamical systems occurring in nature such as the magnetic fields on the Sun.
Throughout the article we use the convenient language of differential forms. In Section
1 we state our main results Theorem 2.2 and Theorem 2.8 together with the necessary
background. Section 2 is devoted to proofs of main theorems which use an integral formula
for µ¯123-invariant of 3-component Borromean links in R
3, this formula is stated in Key Lemma
of the paper. A self contained exposition of all necessary background for Key Lemma and
its proof are presented in Section 4 and the appendix.
Acknowledgments: I wish to thank Professor Fred Cohen for constant support and for teach-
ing me about configuration spaces, I am equally grateful to Professor Paul Melvin for con-
versations about µ¯-invariants.
2. Statement of results
Denote a parametrized n-component link in R3 (or S3) by L = {L1, L2, . . . , Ln}, (where
Li : S
1 7→ R3(or S3) such that Li(S1) ∩ Lj(S1) = Ø, i 6= j). Recall that link homotopy is a
deformation of a link which allows each component to pass through itself but not through a
different component. The Milnor linking numbers also known as µ¯-invariants are invariants
of n-component links up to link homotopy, we refer the reader to cf. [30] for their definition.
Here, we will work entirely in the realm of 2 or 3-component links. For a 2-component
link L = {L1, L2} there is just one µ¯-invariant, i.e. the linking number µ¯12(L1, L2) (or µ¯12
when L is known). In the language of intersection theory µ¯12 is defined as the intersection
number of one of the components of L with a Seifert surface spanning the second component.
Equivalently, we may define the linking number as the degree of a map from a 2-torus to the
configuration space of two points in R3 (see Equation (4.16) and the discussion afterwards).
It is well known that µ¯12 is a complete invariant of 2-component links up to link homotopy
[29]. For 3-component links the complete set of link homotopy invariants consists of the
pairwise linking numbers µ¯12(L1, L2), µ¯12(L2, L3), µ¯12(L1, L3), and the triple linking number
µ¯123 ≡ µ¯123(L1, L2, L3) as an element Zgcd(µ¯12(L1,L2),µ¯12(L2,L3),µ¯12(L1,L3)) expressed in terms of
the lower central series of the link group G = pi1(S
3−L), cf. [29]. In [28] Mellor and Melvin
found a geometric reformulation of Milnor’s definition as follows: Choose Seifert surfaces
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F1, F2 and F3 for the components of L = {L1, L2, L3} and move these into general position.
Starting at any point on L1,record its intersection with the Seifert surfaces for L2 and L3 by a
word w1 in 2 and 3. For example a 2 or 2
−1 in w1 indicates a positive or negative intersection
point of L1 with F2. Set m1 := m23(w1) to be a signed number of occurrences of 2 and 3
in the word w1, for instance · · · 2 · · ·3 · · · or · · · 2−1 · · · 3−1 · · · contribute +1 to m1, while
· · · 2−1 · · ·3 · · · or · · · 2 · · ·3−1 · · · contribute −1 to m1. Similarly, we define m2 := m31(w2)
and m3 := m12(w3). We also let t be the signed count of the number of triple points of
intersection of the three Seifert surfaces. Then the triple linking number µ¯123(L) equals [28]
µ¯123(L1, L2, L3) = (m1 +m2 +m3 − t) mod gcd(µ¯12(L1, L2), µ¯13(L1, L3), µ¯23(L2, L3)).
Note that if L is Borromean, i.e. µ¯12(Li, Lj) = 0, i 6= j, the triple linking number is an
integer valued invariant.
So far the intersection theory approach to µ¯-invariants and their Massey product interpre-
tation [33] was the main source of formulas for higher helicities cf. [7, 1, 39, 25] and [3] for
an overview. Here, we extend the methodology developed in [21] based on the interpretation
of µ¯-invariants as homotopy invariants of associated link maps (see [24, 22, 23] and recently
in [12]).
Figure 1. Flux tubes
{T1, T2, T3} modeled on the
Borromean rings.
Let us denote by (B, T∗), a smooth vector field
defined on the domain T∗ which here we con-
sider to be either a closed manifold or a manifold
with boundary, in the former case we addition-
ally assume that B is tangent to ∂T∗. We will
generally consider finitely many B := {(Bi, Ti)},
i = 1, . . . , n where Ti are compact unless stated
otherwise and let T :=∏ri=1 Ti.
Recall [41, 3] that a system of short paths on
T∗ is a collection of curves S = {σ(x, y)} in-
dexed by pairs of points (x, y) ∈ T∗ × T∗ such
that for any pair (x, y) there is a connecting
curve σ(x, y) : I 7→ T∗, σ(0) = x and σ(1) = y,
and the lengths of curves in S are bounded by
a common constant. Given T > 0 we introduce
the following notation for orbits(left) and the
closed up orbits(right) of a given Bi after time
T :
O
Bi
T (x) = {Φi(x, t) | 0 ≤ t ≤ T},
O¯
Bi
T (x) := O
Bi
T (x) ∪ σ(x,Φi(x, T )), σ(x,Φi(x, T )) ∈ S.
(2.1)
In order to better motivate the definition of H123(B; T ) we first review the classical Woltjer’s
helicity which is defined for a pair of volume preserving vector fields B = {(B1, T1), (B2, T2)},
n = 2. Here we denote Woltjer’s helicity by H12(B) ≡ H12(B; T ), [43, 2]. The reader should
consult [43] for the original definition of H12(B). Arnold’s Helicity Theorem [2, 41] implies
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that Woltjer’s helicity is given by the following integral
(2.2) H12(B; T ) =
∫
T1×T2
(
lim
T→∞
1
T 2
µ¯12
(
O¯
B1
T (x), O¯
B2
T (y)
))
ν1(x) ∧ ν2(y),
where νi denote volume forms on each Ti factor of T = T1 × T2, and the function defined
by the time average under the integral is referred to as as the asymptotic linking number
function. The quantity on the right hand side is known as the average asymptotic linking
number [2, 19] or asymptotic linking number for short. It is currently unknown [3] if H12(B)
can be sensibly defined for vector fields not preserving the volume element, but we may
certainly assume the formula in (2.2) as a general definition of H12(B). In a similar spirit
we define the third order helicity as an average asymptotic Milnor µ¯123-invariant of orbits
for triples {(Bi, Ti)}i=1,2,3, n = 3.
Definition 2.1. Let B := {(Bi, Ti)}i=1,2,3, be a triple of smooth vector fields defined above,
then the third order helicity H123(B; T ) of B is given by
(2.3) H123(B; T ) :=
∫
T
(
lim
T→∞
1
T 3
µ¯123
(
O¯
B1
T (x), O¯
B2
T (y), O¯
B3
T (z)
))
ν1(x) ∧ ν2(y) ∧ ν3(z),
whenever the limit under the integral
m¯B : (x, y, z) 7→ lim
T→∞
1
T 3
µ¯123
(
O¯
B1
T (x), O¯
B2
T (y), O¯
B3
T (y)
)
,
exists almost everywhere and defines an integrable function m¯B : T 7→ R on T =
∏3
i=1 Ti
independent of the short paths system S chosen. Here νi denotes a volume form on the Ti
factor of T . Subsequently, we refer to the function m¯B as the asymptotic µ¯123-invariant
function.
T1
T2
T3
Figure 2. Example of unlinked handlebodies T1 ∪ T2 ∪ T3.
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In principle, the above definition extends to higher Milnor linking numbers or generally
to other link isotopy invariants [40, 15, 5].
The main question one needs to address in the above definition is existence of the integral.
In [25] Laurence and Stredulinsky show existence of the third order helicity for Borromean
flux tubes, i.e. domains Ti which are disjoint solid tori with cores forming a 3-component
Borromean link such as well known Borromean rings pictured on Figure 1. This type of
domains are often referred to as domains modeled on a link. The main theorem of the
current paper Theorem 2.2 shows that H123(B; T ) is defined on unlinked invariant domains
of R3 such as handlebodies pictured on Figure 2, and more importantly introduces a new
formula for H123(B; T ). Before we state the main result we need to review several definitions.
Recall
Conf3(R
3) = {(x1, x2, x3) ∈ R3 × R3 × R3; xi 6= xj , i 6= j}.
Let x = (u, v, r) ∈ R3 \ {0}, we define a closed differential 2-form
(2.4) ω(x) :=
1
4pi
u dv ∧ dr + v dr ∧ du+ r du ∧ dv
|x|3 ,
which restricts to the area form on the unit sphere in S2 ⊂ R3, normalized so that ∫
S2
ω(x) =
1. Define the Green form ωi,j by
(2.5) ωi,j := ω(xi − xj), i > j.
In the vector notation
ωi,j(x1, x2, x3)(X, Y ) =
〈xi − xj , X, Y 〉
|xi − xj |3 , X, Y ∈ T (R
3)3,
where 〈 · , · , · 〉 denotes the triple product in R3. It is well known [11] that Green forms
represent generators of the cohomology H∗(Conf3(R
3)) of the configuration space Conf3(R
3)
of three points in R3. (In Section 4, we provide necessary background on the configuration
space Conf3(R
3).)
Theorem 2.2. Suppose {Ti}i=1,2,3 are pairwise disjoint, compact, solid handlebodies Ti ⊂ R3
with smooth boundary such that every pair of 1-cycles in H1(Ti) and H1(Tj), i 6= j has linking
number zero. Let {(Bi, Ti)}i=1,2,3 be a triple of volume preserving vector fields as defined
above. Consider the integral
J :=
∫
T
(
ω1,2 ∧ d−1ω2,3 + ω2,3 ∧ d−1ω3,1 + ω3,1 ∧ d−1ω1,2 − φ1,2,3
) ∧ 3∧
i=1
ιBiνi,
φ123 = d
−1(ω1,2 ∧ ω2,3 + ω2,3 ∧ ω3,1 + ω3,1 ∧ ω1,2), ιBiνi := νi(Bi, · , · ) .
(2.6)
Here νi’s are volume forms of each R
3 factor of (R3)3. Then,
(i) H123(B; T ) exists and equals to J .
(ii) J is invariant of vector fields Bi under the action of SDiff0(R3), and an invariant of
2-forms ιBiν under the action of Diff0(R
3).
Remark 2.3. The smooth boundary assumption in the above theorem is in general not
necessary cf. [21].
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In the following we will often abbreviate the sums under the integrals in Equation (2.6)
writing
∑3
i=1 ωi,i+1 ∧ ωi+1,i+2 or
∑3
i=1 ωi,i+1 ∧ d−1ωi+1,i+2 understanding that the indices are
taken modulo 3.
Remark 2.4. Since the domain T of integration in (2.6) is assumed to be a product of
disjoint compact solid handlebodies Ti ⊂ R3 (as on Figure 2) such that every pair of 1-cycles
C ,C ′ in H1(Ti) and H1(Tj), i 6= j has a linking number zero i.e.∫
C×C ′
ωi,j = 0 .
Poincare duality implies that the 2-forms ωi,j are exact on T =
∏
i Ti. Note that J is
independent of a choice of 1-forms ηij ∈ d−1ωi,j which we refer to as potentials of ωi,j.
Indeed, denoting
ω1,2,3 = ω1,2 ∧ η2,3 + ω2,3 ∧ η3,1 + ω3,1 ∧ η1,2 − φ1,2,3,
dηi,j = ωi,j, on Ti × Tj, i 6= j, ιBν :=
3∧
i=1
ιBiνi .
(2.7)
Observe that for any two potentials ηi,j, η
′
i,j of ωi,j, the difference βi,j = ηi,j − η′i,j is a closed
1-form on T and therefore
ω1,2,3 − ω′1,2,3 =
3∑
i=1
ωi,i+1 ∧ (ηi+1,i+2 − η′i+1,i+2) = d
( 3∑
i=1
ηi,i+1 ∧ (ηi+1,i+2 − η′i+1,i+2)
)
=: dβ .
By Stokes Theorem
H123(B; T )− H′123(B; T ) =
∫
T
(ω1,2,3 − ω′1,2,3) ∧ ιBν =
∫
T
d
(
β ∧ ιBν
)
=
∫
∂T
β ∧ ιBν = 0,
where in the second identity we applied d(ιBiνi) = 0 as Bi’s are divergence free, and ιBiνi
∣∣
∂Ti
=
0 as each vector field Bi is tangent to the boundary ∂Ti.
A crucial ingredient in the proof of Theorem 2.2 (as may be expected from Definition 2.1)
is the following
Key Lemma Given a parametrized 3-component Borromean link L = {L1, L2, L3} in R3
denote by FL the associated product map
L1 × L2 × L3 : S1 × S1 × S1 −→ Conf3(R3).
Then,
µ¯123(L) = ±
∫
(S1)3
(
F ∗Lω1,2 ∧ η2,3 + F ∗Lω2,3 ∧ η3,1 + F ∗Lω3,1 ∧ η1,2 − F ∗Lφ1,2,3
)
,(2.8)
where ηi,j satisfy dηi,j = F
∗
Lωi,j.
A proof of Key Lemma will occupy Section 4 and Appendix.
Remark 2.5. Applying standard identities for Chen iterated integrals one may show that
(2.8) is equivalent to Chen’s iterated integral proposed by Kohno in [20, p. 155].
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Remark 2.6. [Explanation of terminology] Note that the flux formula for H123(B; T ), de-
rived in [25, 21] shows it is 3rd-order in fluxes, in comparison, Woltjer’s helicity H12(B; T ) is
2nd-order in fluxes [8].
Remark 2.7. Woltjer’s helicity H12(B) is a well defined invariant of volume preserving
vector fields Bi defined on possibly “overlapping” domains. For instance we obtain the
self-helicity H12(B¯) when (B1, T1) = (B2, T2) = (B¯, T¯ ), and T¯ possibly a closed 3-manifold
such as S3 or a homology sphere (otherwise the linking number is not well defined). Open
Problem 7.18 posed by Arnold and Khesin in [3, p. 176] asks if higher order invariants,
such as H123(B; T ), can be defined possibly on overlapping domains. One may refer to these
hypothetic invariants as higher order asymptotic self-linking numbers. A recent work of
Badder et al. [4, 5] shows that for ergodic vector fields B all asymptotic Vassiliev invariants
are proportional to Wojtier’s helicity, this may explain why attempts to define higher order
asymptotic self-linking numbers have failed so far.
In magnetohydrodynamics cf. [35] magnetic fields evolve under the motion of supporting
plasma (i.e. along a path in SDiff0(R
3)). During the evolution, a magnetic field often
dissipates its L2-energy and among questions of interest is whether the energy can be reduced
to zero in the process cf. [3]. Lower bounds for the L2-energy of B in terms of quantities, such
as H123(B; T ) or H12(B; T ), invariant under the action of SDiff0(R3) provide a way to decide
this question for a given magnetic field B. Woltjer’s helicity provides such an energy bound,
which is extensively used in e.g. magnetohydrodynamics, consult [3] for further discussion.
The next theorem applies formula (2.6) to derive a lower bound for the L2-energy of B in
terms of H123(B; T ).
Recall that the Neumann Laplacian ∆N is the differential operator associated with the
following boundary value problem [36]
(2.9)
{
∆φ = ω, in T ,
nφ = n dφ = 0, on ∂T ,
where φ, ω are differential forms of a fixed degree and n extracts the normal component of
the form, ∆ = dδ+ δd and δ = ±∗ d∗. In other words ∆N is the standard Laplace-Beltrami
operator acting on the space of differential forms with boundary conditions specified in the
above problem.
Theorem 2.8. Let B¯ be a volume preserving vector field in R3, given a triple of compact
pairwise disjoint unlinked handlebodies Ti in R3 suppose B¯ is tangent to ∂Ti for each i =
1, 2, 3. Consider B := (Bi, Ti), Bi = B¯|Ti as defined above. Then, the L2-energy E2(B¯) =∫
R
3 |B¯|2 of B¯ admits the following lower bound
E2(B¯) ≥
(
|H123(B; T )| ·
C r2T
√
λ1,N∑3
i=1
(‖ωi,i−1 ∧ ωi,i+1‖2 + ‖ωi,i+1‖2)
) 3
2
.
Here the L2-norm ‖ · ‖2 is taken over T =
∏3
i=1 Ti, λ1,N is the first eigenvalue of the
Neumann Laplacian on T , C is a universal constant and rT denotes a minimal distance
between pairs of handlebodies Ti in R3.
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3. Proof of Theorem 2.2 and Theorem 2.8
3.1. Third order helicity. The following theorem is fundamental for our considerations.
Theorem 3.1 (L1-Ergodic Theorem, [6]). Given a triple of volume preserving flows B :=
(Bi, Ti) and a real valued L1-function F , consider F¯ : T 7→ R, T =
∏3
i=1 Ti which is called
a time average of F , and is defined as follows
F¯ (x, y, z) = lim
T→∞
1
T 3
∫ T
0
∫ T
0
∫ T
0
F (Φ1(x, s),Φ2(y, t),Φ3(z, u)) ds dt du,
where Φi( · , · ) denotes the flow of Bi. Then,
(a) F¯ (x, y, z) exists almost everywhere,
(b) ‖F¯‖L1(T ) ≤ ‖F‖L1(T ),
(c) F¯ is invariant under the action by the flows of Bi,
(d) if T is of finite volume then ∫
T
F¯ =
∫
T
F .(3.1)
Proof of Theorem 2.2. We first show (i), note that the following identity proven in Appendix
A of [21] is valid for any 3-form β on T and a triple of fields Bi on Ti:
(ιB3ιB2ιB1β) ∧ ν1 ∧ ν2 ∧ ν3 = β(B1, B2, B3) ν1 ∧ ν2 ∧ ν3
= β ∧ ιB1ν1 ∧ ιB2ν2 ∧ ιB3ν3 .
(3.2)
As a result
J =
∫
T
ω1,2,3 ∧ ιB1ν1 ∧ ιB2ν2 ∧ ιB3ν3 =
∫
T
(
ιB3ιB2ιB1ω1,2,3
)
ν1 ∧ ν2 ∧ ν3
=
∫
T
mB(x, y, z) ν1(x) ∧ ν2(y) ∧ ν3(z),
where mB := ω1,2,3(B1, B2, B3). Thanks to the assumptions on T , every triple of closed up
orbits {O¯B1T (x), O¯B2T (y), O¯B3T (y)} is a 3-component Borromean link. By Key Lemma
µ¯123(O¯
B1
T (x), O¯
B2
T (y), O¯
B3
T (y)) =
∫
O¯
B1
T
(x)×O¯
B2
T
(y)×O¯
B3
T
(y)
ω1,2,3
=
∫ T
0
∫ T
0
∫ T
0
ω1,2,3(B1, B2, B3) ds dt du+ (I)(3.3)
=
∫ T
0
∫ T
0
∫ T
0
mB(Φ
1(x, s),Φ2(y, t),Φ3(z, u)) ds dt du+ (I),
where (I) denotes integrals over short paths.
Remark 3.2. As a consequence of homotopy invariance proven in Proposition 4.1 and the
fact that any piecewise smooth link may be approximated by a smooth one, the integral
(4.19) is well defined for piecewise smooth links such as {O¯B1T (x), O¯B2T (y), O¯B3T (y)}.
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Now, since short paths have bounded length we obtain
(3.4)
1
T 3
(I) −→ 0, as T →∞ .
Therefore, the expression in (3.3) for µ¯123(O¯
B1
T (x), O¯
B2
T (y), O¯
B3
T (y)) combined with Theorem
3.1 (a), (d) and Definition 2.1 yields
J =
∫
T
mB =
∫
T
m¯B = H123(B; T ),
where m¯B is the time average of mB which we called in Definition 2.1 the asymptotic µ¯123-
function. Observe that, thanks to (3.4), m¯B is independent on the short path system cho-
sen, thus we verified existence of H123(B; T ) in the assumed setting, as well as the formula
H123(B; T ) = J .
The proof of (ii) is in the style of [7, 27], but adapted to our setting. For any given g ∈
SDiff(R3), by definition, there exists a path t −→ g(t) ∈ SDiff0(R3), such that
g(0) = id
R
3 , g(1) = g .
Denote by V the divergence free vector field on R3, given by V (x) = d
dt
g(t, x)|t=0, i.e. g(t) is
a flow of V . Let the push-forward fields Bi be
(3.5) Bti := g(t)∗Bi .
It is well known [14, p. 224] that 2-forms: ιBtiν are frozen in the flow of V i.e.
(3.6)
d
dt
(
g(t)∗ιBt
i
ν
)|t=0 = (∂t + LV )ιBt
i
νi = 0.
The tangent bundle T (R3)3 has a natural product structure and we also have the path gˆ(t) =
(g(t), g(t), g(t)) in SDiff0(R
3×R3×R3), which leads to the vector field Vˆ = (V, V, V ) = d
dt
gˆ(t).
Equation (3.6) implies
(3.7) (∂t + LVˆ )ιBtν = 0, where ιBtν := ιBt1ν1 ∧ ιBt2ν2 ∧ ιBt3ν3 .
Remark 3.3. Notice that if we consider the action of Diff0(R
3) on forms ιBiνi by pullbacks:
(g, ιBiνi) −→ (g∗)−1(ιBiνi), and let (ιBν)t := (g∗(t))−1ιBν we immediately obtain (∂t +
LVˆ )(ιBν)t = LVˆ (ιBν)t = 0.
Let T (t) := gˆ(t)(T ) ⊂ Conf3(R3), we must show ddtH123(g(t)∗B, T (t)) = 0. Without loss
of generality we set t0 = 0, since for any t = t0 we may apply a pullback by gˆ(t0). Then
gˆ(0) = id
(R
3
)3
and we have
d
dt
(
H123(g(t)∗B, T (t))
)∣∣∣
t=0
=
d
dt
∫
T (t)
ω1,2,3 ∧ ιBtν =
∫
T (0)
d
dt
gˆ(t)∗
(
ω1,2,3 ∧ ιBtν
)
=
∫
T (0)
(L∂t+Vˆ (ω1,2,3)) ∧ ιBtν,(3.8)
where in the last identity we applied (3.7) and the product rule for the Lie derivative. Because
ω1,2,3 is time independent, and dω1,2,3 = 0, Cartan’s magic formula yields
L∂t+Vˆ (ω1,2,3) = LVˆ (ω1,2,3) = d(ιVˆ (ω1,2,3)) .
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Since Bti are tangent to the boundary of Ti(t) the same argument as in Remark 2.4 shows
that the right hand side of the previous equation vanishes. Thanks to Remark 3.3, we obtain
the second statement of (ii) analogously. 
3.2. Lower bound for the L2-energy.
Proof of Theorem 2.8. From the Cauchy inequality (where ∗ is the Hodge star operator) and
derivation in [21, p. 22], we estimate
|H123(B; T )| = |〈∗ω1,2,3, ιBν〉2| ≤ ‖ω1,2,3‖2‖ιBν‖2 ≤ ‖ω1,2,3‖2E2(B) 32 ,
The norm ‖ω1,2,3‖2 can be bounded using geometry of R3 (rather than the round metric of S3
as in [21]) as follows. Let d−1 := δ∆−1N , where ∆N is the Neumann Laplacian on differential
1-forms on T ⊂ (R3)3, then the 3-form φ123 in (2.6) is given by φ123 := d−1
(∑3
i=1 ωi,i+1 ∧
ωi+1,i+2
)
. We obtain
‖ω1,2,3‖2 = ‖ω1,2 ∧ d−1ω2,3 + ω2,3 ∧ d−1ω3,1 + ω3,1 ∧ d−1ω1,2 − φ123‖2
≤ ‖d−1‖‖ωrT ‖∞
( 3∑
i=1
(‖ωi,i−1 ∧ ωi,i+1‖2 + ‖ωi,i+1‖2)),
where ωr = ω|R3−B(r) denotes the restriction of ω defined in (2.4) to the complement of a
radius r ball B(r) ⊂ R3, and rT is a lower bound for the minimum distance between pairs
of handlebodies Ti in R3. Clearly, ‖ωr‖∞ grows like 1r2 as r → 0 thus ‖ωrT ‖∞ ≥ C−1 r−2T for
some universal constant C. Since ‖d−1‖ ≤ 1√
λ1,N
(c.f [36]) where λ1,N is the first eigenvalue
of the Neumann Laplacian on T , we obtain the estimate as claimed. 
We expect that the presented method will lead to a hierarchy of helicities defined on
invariant n-component unlinked domains together with associated energy bounds [9].
4. Integral formula for Milnor µ¯123-invariant.
4.1. Background on Conf3(R
3). Following [13] we set e to be the unit vector (1, 0, 0) in R3
and define
q1 = 0, q2 = 4 e, q3 = 8 e, Qi = {q1, . . . , qi}, Q0 = Ø .
The following spherical cycles on Conf3(R
3) are of fundamental importance
Ai,j : S
2 −→ Conf3(R3), 1 ≤ j < i ≤ 3,
A2,1 : ξ −→ (q1, ξ, q3), A3,2 : ξ −→ (q1, q2, q2 + ξ), A3,1 : ξ −→ (q1, q2, ξ).
(4.1)
We denote their respective homotopy classes in pi2(Conf(R
3)) by αi,j. Consider projections
Πi :Conf3(R
3) −→ Conf2(R3),
Πi(x1, x2, x3) = (. . . , x̂i, . . .), i = 1, 2, 3,
(4.2)
defined by skipping the i-th coordinate factor. Because Conf2(R
3) is diffeomorphic to R3 ×(
R
3 − {0}), via (x1, x2) 7→ (x1, x2 − x1), it has a homotopy type of S2. Directly from the
definition it follows that Πk ◦ Ai,j are degree one maps when i, j 6= k or null homotopic
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whenever i = k or j = k. Results of [13, 11] tell us that every Πi is a fibration which admits
a section. In particular, choosing i = 3 we obtain the fibration diagram
(4.3)
Conf3(R
3) ←−−− Conf1(R3 −Q2) = R3 −Q2 ∼= S3,1 ∨ S3,2yΠ3
Conf2(R
3) ∼= S2,1
where by Si,j we denote the images: Ai,j(S
2) ⊂ Conf3(R3). Obviously, we may choose to
fiber over each Si,j separately. As an immediate consequence, we obtain [42, p. 189]
(4.4) pik(Conf3(R
3)) ∼= pik(S2,1)⊕ pik(S3,1 ∨ S3,2).
In particular for k = 2, we conclude that αi,j generate pi2(Conf3(R
3)) ∼= Z⊕ Z⊕Z. Next, we
describe a structure of the deRham cohomology ring of the configuration space Conf3(R
3),
[11]. Every ωi,j represents an integral cohomology class ψi,j := [ωi,j] and is dual to the
cycle [Ai,j] defined in (4.1). The cohomology ring H
∗
dR(Confn(R
3)) is generated [11] by ψi,j ,
1 ≤ j < i ≤ 3 with relations
ψ2i,j = 0, ψi,j = −ψj,i,
ψ3,1ψ3,2 = ψ2,1(ψ3,2 − ψ3,1),
(4.5)
see [11] and [13, p. 101]. The last relation on representatives ωi,j reads
(4.6) ω2,1 ∧ ω3,2 − ω3,2 ∧ ω3,1 − ω3,1 ∧ ω2,1 =
3∑
i=1
ωi,i+1 ∧ ωi+1,i+2 = dφ1,2,3,
for some smooth 3-form φ1,2,3.
4.2. Whitehead products in the configuration space Conf3(R
3). Our goal in a later
section is to understand pi3(Conf3(R
3)) in the context of so called link maps. Thanks to the
decomposition in (4.4) among relevant generators of this group are the Whitehead products
of αi,j’s [42]. We aim to obtain suitable integrals for these Whitehead products.
Let Dp denote a p dimensional disk in Rp+1, given two continuous maps
fk : (D
pk , ∂Dpk) −→ (X, x0), k = 1, 2,
into a pointed topological space (X, x0), the Whitehead product of f1 and f2 is given by [42]
[f1, f2] : ∂(D
p1 ×Dp2) ∼= Sp1+p2−1 −→ (X, x0),
[f1, f2](x1, x2) :=
{
f1(x1), x2 ∈ ∂Dp2 ,
f2(x2), x1 ∈ ∂Dp1 ,
(4.7)
recall ∂(Dp1 ×Dp2) = ∂Dp1 ×Dp2 ∪Dp1 × ∂Dp2 . The operation [ , ] : pip1(X)× pip2(X) −→
pip1+p2−1(X) is well defined and turns the vector space pi∗(X)⊗ R into a graded Lie algebra
over R cf.[11]. In the following proposition we extend calculations in [17] to define an integral
detecting certain Whitehead products in the configuration space Conf3(R
3) (also compare
with Section 3.3 in the preprint [37]).
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Proposition 4.1. For any f : S3 −→ Conf3(R3) let
(4.8) I(f) :=
(∫
S3
3∑
i=1
f ∗ωi,i+1 ∧ ηi+1,i+2
)
−
∫
S3
f ∗φ1,2,3,
where forms f ∗ωi,j are exact and dηi,j = f
∗ωi,j. Then,
(i) I is independent of the choice of potentials ηi,j.
(ii) I ∈ Hom(pi3(Conf3(R3)),R) and satisfies
I([α1,2, α2,3]) = I([α2,3, α3,1]) = I([α3,1, α1,2]) = 1,
I([αi,j , αi,j]) = 0, 1 ≤ j < i ≤ 3 .(4.9)
Proof. I is independent of a choice of potentials ηi,j’s: indeed, let η′ij be different potentials
then d(ηi,j − η′i,j) = f ∗ωi,j − f ∗ωi,j = 0 and
I(f)− I ′(f) =
3∑
i=1
∫
S3
f ∗ωi,i+1 ∧ (ηi+1,i+2 − η′i+1,i+2) =
∑
i=1
∫
S3
dηi,i+1 ∧ (ηi+1,i+2 − η′i+1,i+2)
=
3∑
i=1
∫
S3
ηi,i+1 ∧ d(ηi+1,i+2 − η′i+1,i+2) = 0,
where in the third identity we applied Stokes Theorem. To show that I is a well defined
homomorphism we first show invariance under homotopies. Let F : I × S3 → Conf3(R3)
be a homotopy between F0 and F1, and let η˜i,j = d
−1F ∗ωi,j on S
3 × I. Combining Stokes
Theorem, (i), Equation (4.6) and dηi,j = ωi,j we obtain
I(F1)− I(F0) =
∫
S3×{1}
( 3∑
i=1
F ∗1ωi,i+1 ∧ ηi+1,i+2 − F ∗1 φ1,2,3
)
(4.10)
−
∫
S3×{0}
( 3∑
i=1
F ∗0 ωi,i+1 ∧ η′i+1,i+2 − F ∗0 φ1,2,3
)
=
∫
S3×I
d
( 3∑
i=1
F ∗ωi,i+1 ∧ η˜i+1,i+2 − F ∗φ1,2,3
)
=
∫
F (S3×I)
(
3∑
i=1
ωi,i+1 ∧ dη˜i+1,i+2 − dφ1,2,3
)
= 0 .
Additivity of I is a direct consequence of additivity for integrals and the definition of + in
pin( · ), thus I is a well defined element of Hom(pi3(Conf3(R3)),R).
For Equations (4.9), consider f = [f1, f2] defined in (4.7). Let p1 = p2 = 2, and pii :
D1×D2 7→ Di i = 1, 2 be projections onto each factorDi ∼= D2, and j : ∂(D1×D2) 7→ D1×D2
the inclusion. According to (4.7), we have
f ∗ωi,j = j
∗(pi∗1f
∗
1ωi,j + pi
∗
2f
∗
2ωi,j).
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Because every 2-form pi∗1f
∗
1ωi,j + pi
∗
2f
∗
2ωi,j is exact on D1 × D2, we may define a smooth
potential ηi,j such that
(4.11) dηi,j = pi
∗
1f
∗
1ωi,j + pi
∗
2f
∗
2ωi,j,
clearly dj∗ηi,j = f
∗ωi,j. We calculate by applying Stokes Theorem and (4.11)
I(f) =
∫
∂(D1×D2)
( 3∑
i=1
f ∗ωi,i+1 ∧ ηi+1,i+2 − f ∗φ1,2,3
)
=
∫
D1×D2
( 3∑
i=1
(pi∗1f
∗
1ωi,i+1 + pi
∗
2f
∗
2ωi,i+1) ∧ (pi∗1f ∗1ωi+1,i+2 + pi∗2f ∗2ωi+1,i+2)
− (pi∗1f ∗1dφ1,2,3 + pi∗2f ∗2 dφ1,2,3)
)
=
∫
D1×D2
(∑
(pi∗1f
∗
1 (ωi,i+1 ∧ ωi+1,i+2) + pi∗2f ∗2 (ωi,i+1 ∧ ωi+1,i+2)
− (pi∗1f ∗1dφ1,2,3 + pi∗2f ∗2 dφ1,2,3)
)
+
∫
D1×D2
(∑
(pi∗1f
∗
1ωi,i+1 ∧ pi∗2f ∗2ωi+1,i+2 + pi∗2f ∗2ωi,i+1 ∧ pi∗1f ∗1ωi+1,i+2)
)
.
The first integral in the above identity vanishes because of relations in (4.6). The second
integral is equal to
I(f) =
3∑
i=1
(
∫
D1
f ∗1ωi,i+1
∫
D2
f ∗2ωi+1,i+2 + (−1)4
∫
D1
f ∗1ωi+1,i+2
∫
D2
f ∗2ωi,i+)
=
3∑
i=1
(
ωi,i+1(f1)ωi+1,i+2(f2) + ωi+1,i+2(f1)ωi,i+1(f2)
)
,
where ωi,j(f) =
∫
S2
f ∗ωi,j. Identities in (4.9) follow from the definition of Ai,j in (4.1) and
(4.5). 
Remark 4.2. The above proposition certainly can be obtained from theories developed
in [32, 38, 18] and more recently in [37]. Introduction of these theories would require a
significant detour and is outside of the scope of this paper.
Remark 4.3. Let X be a smooth manifold, the argument in [17] “runs” as follows: let ω1
and ω2 be closed differential forms of degree p1 and p2, such that ω1 ∧ ω2 = 0. Consider
spherical cycles fk : S
pk −→ X , k = 1, 2. It is shown that for any [f ] ∈ pip1+p2−1(X)
J(ω1,ω2)(f) :=
∫
Sp1+p2−1
f ∗ω1 ∧ η2 =
∫
Sp1+p2−1
f ∗ω2 ∧ η1,
where f ∗ωk = dηk, k = 1, 2, defines an element of Hom(pip1+p2−1(X);R) satisfying
(4.12) J(ω1,ω2)([f1, f2]) = ω1(f1)ω2(f2) + (−1)p1p2ω1(f2)ω2(f1),
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In particular given a degree one map, f : Sp → Sp, Equation (4.12) implies
(4.13) J(ω,ω)([f, f ]) =
{
0, p = 2k + 1,
2, p = 2k,
.
for a volume form ω on X = Sp, such that
∫
Sp
ω = 1. Therefore, for even p, [f, f ] : S2p−1 →
Sp is twice the Hopf map and null for odd p.
4.3. Link maps. Denote a parametrized n-component link in R3 by L = {L1, L2, . . . , Ln},
(where Li : S
1 7→ R3, such that Li(S1) ∩ Lk(S1) = Ø, i 6= k), L defines a link map, cf.
[22, 23]:
L :
n⊔
i=1
S1 −→ R3, L∣∣
S1i
= Li.
We denote by LM(n) the set of link homotopy classes of n-component link maps. In [22, 23]
the author defines the κ-invariant
κ : LM(n) −→ [(S1)n,Confn(R3)],
κ(L) = [FL : (S
1)n −→ Confn(R3)], FL = L1 × . . .× Ln .
(4.14)
κ(L) is well defined because a link homotopy of L in R3 yields a homotopy of the associated
FL. Note that the set of based homotopy classes is in bijective correspondence with the set of
base point free homotopy classes because Confn(R
3) is simply connected cf. [42]. κ-invariants
are closely tied to µ¯-invariants. It is has been proven by Koschorke in Corollary 6.2 of [23,
p. 314] that whenever L is a Borromean n-component link, κ(L) can be identified, up to a
sign, with (n− 2)! integers which are all possible µ¯-invariants of L.
Let us review the basic case of the linking number µ¯12(L1, L2) in R
3. Denote parametriza-
tions of components by L1 = {x(s)}, L2 = {y(t)}. We have
(4.15) FL : S
1 × S1 L1×L2−−−−−→ Conf2(R3) r−→ S2, (L1 × L2)(s, t) = (x(s), y(t)) .
where r(x, y) = x−y
‖x−y‖
is a retraction of Conf2(R
3) onto S2. The Gauss linking number
formula [16] reads
(4.16) µ¯12(L1, L2) = deg(FL) =
∫
S1×S1
F ∗L(ω),
where ω ∈ Ω2(S2) is an area form of S2. The first identity in Equation 4.16 is a consequence
of the diagrammatic definition of µ¯12(L1, L2) (see [34]) equivalent to the intersection theory
definition provided in Section 2.
In the following we focus exclusively on relation between κ-invariants and µ¯-invariants in
the 3-component case. In the context of results [24, 22, 23, 21, 12] consider a 3-component
link L = {L1, L2, L3} in S3 parametrized by {x(s), y(t), z(u)} and
F˜L : S
1 × S1 × S1 L1×L2×L3−−−−−−−→ Conf3(S3) H−→ S2,
(L1 × L2 × L3)(s, t, u) = (x(s), y(t), z(u)),
(4.17)
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where H is a projection on the second factor of Conf3(S
3) ∼= S3 × S2, and ∼= denotes the
homotopy equivalence. The map H may be defined with help of the quaternionic structure
of S3 as follows
Conf3(S
3) ∋ (x, y, z) H−→ pr(x
−1 · y)− pr(x−1 · z)
‖pr(x−1 · y)− pr(x−1 · z)‖ ∈ S
2,(4.18)
where · stands for the quaternionic multiplication, −1 is the quaternionic inverse, and pr :
S3 − {1} −→ R3 the stereographic projection from 1, cf. [12].
Theorem 4.4 ([12], for (b) also see [21]). Let L˜ = {L1, L2, L3} be a 3-component link in S3,
then the associated map to F˜L defined in (4.17) satisfies
(a) deg(F˜L|S1i×S1j ) = µ¯12(Li, Lj),
(b) whenever L˜ is Borromean, F˜L is homotopic to ± 2µ¯123× the Hopf map, where the
sign depends on the orientation of components.
(c) in the general case
ν(F˜L) = ± 2 µ¯123(L) mod 2 gcd(µ¯12(L1, L2), µ¯12(L2, L3), µ¯12(L1, L3)),
where ν(F˜L) is the Pontryagin invariant of F˜L i.e. the framing of the inverse image
of a regular value of F˜L (consult [12] for a precise definition).
(d) for Borromean L˜ we have the following formula
µ¯123 = ± 1
2
∫
(S1)3
F˜ ∗Lω ∧ η,
where ω is the area form on S2 and dη = ω.
In the next theorem, Theorem 4.5, (a), (b) and (d) are extended to link maps valued in R3.
The theorem has been obtained earlier by Koschorke as Corollary 6.2 in [23, p. 314], which
treats the general n-component Borromean case. In the appendix of this article we show
how Theorem 4.5 follows from Theorem 4.4. (Note that (c) of Theorem 4.4 is an original
contribution of [12].) Paraphrasing Corollary 6.2 of [23, p. 314] we state
Theorem 4.5 ([23]). Let L = {L1, L2, L3} be a 3-component link in R3, then the map FL
defined in (4.14) satisfies
(i) deg(FL|S1i×S1j ) = µ¯12(Li, Lj).
(ii) whenever L is Borromean FL is homotopic to µ¯123× one of the Whitehead products
[α3,2, α3,1], [α3,1, α2,1],−[α3,2, α2,1].
4.4. Proof of Key Lemma. Thanks to (i), in the Borromean case FL : (S
1)2 7→ Conf3(R3)
is homotopic to a map which is constant when restricted to the 2-skeleton of the 3-torus
(S1)3. Therefore, we may integrate directly over the torus (similar argument is presented in
(4.10)), obtaining by Proposition 4.1:
µ¯123(L1, L2, L3) = ±I(FL)
=
∫
(S1)3
(
F ∗Lω1,2 ∧ η2,3 + F ∗Lω2,3 ∧ η3,1 + F ∗Lω3,1 ∧ η1,2 − F ∗Lφ1,2,3
)
,
(4.19)
where ηi,j satisfy dηi,j = F
∗
Lωi,j. This proves Key Lemma. ✷
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Appendix: Proof of Theorem 4.5
Proof. The proof of (i) is immediate from the Gauss formula for the linking number in (4.16).
To prove (ii) consider the inclusion
j : R3 −→ R3 ∪ {∞} ∼= S3,
defined by the inverse of stereographic projection and observe that j leads to the inclusion
on configuration spaces
ĵ : Conf3(R
3) −→ Conf3(S3) .
As a first step, we calculate the induced homomorphism cf. [13, Theorem 2.2, p.34]
pi2(ĵ) : pi2(Conf3(R
3)) −→ pi2(Conf3(S3)).
Recall that pi2(Conf3(R
3)) ∼= Z ⊕ Z ⊕ Z is generated by classes αi,j represented by Ai,j,
Equation 4.1, and pi2(Conf3(S
3)) ∼= Z is generated just by one class α represented by S2
factor in Conf3(S
3) ∼= S3 × S2. Let us denote
(4.20) βi,j := pi2(ĵ)(αi,j) = ai,j α, ai,j ∈ Z,
we must determine the coefficients aij .
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The symmetric group Σ3 acts on both Conf3(R
3) and Conf3(S
3) by permuting the coor-
dinate factors, and the inclusion map j is equivariant with respect to this action. For our
purposes we only need to determine the action of the transposition (2, 3) on α3,1 and α3,2.
We claim the following identities:
(4.21) (2, 3)α3,2 = −α3,2 (2, 3)α3,1 = α2,1 .
To justify, we calculate on representatives in (4.1)
(2, 3)A3,2 : ξ −→ (2, 3)(q1, q2, q2 + ξ) = (q1, q2 + ξ, q2)
(2, 3)A3,1 : ξ −→ (2, 3)(q1, q2, q1 + ξ) = (q1, q1 + ξ, q2) .
Consider the homotopy
G : t −→ (q1, q2 + (1− t)ξ, q2 − t ξ), t ∈ [0, 1]
Notice that G is well defined in Conf3(R
3), because q2 + (1 − t)ξ = q2 − t ξ implies ξ = 0
which contradicts ξ ∈ S2. This homotopy connects G0 = (q1, q2 + ξ, q2) = (2, 3)A3,2 and
G1 = (q1, q2, q2 − ξ) = −A3,2, which shows the first identity in (4.21). To see the second
identity consider the homotopy: G′ : t −→ (q1, q1 + ξ, (1− t)q2 + tq3), t ∈ [0, 1].
Recall the fibration Diagram (4.3), the image of the fiber R3 − {q1, q2} under inclusion j
is in (R3 ∪ {∞})− {q1, q2} ⊂ Conf3(S3) implying the following relation
β3,1 + β3,2 = 0, in pi2(Conf3(S
3)) .
Applying (4.21) to the above equation we obtain β2,1 − β3,2 = 0, hence
β2,1 = β3,2 = −β3,1 in pi2(Conf3(S3)) .
Thanks to the map defined in (4.18) we observe β2,1 = α and
pi2(ĵ)(α2,1) = α, pi2(ĵ)(α3,2) = α, pi2(ĵ)(α3,1) = −α.
Therefore, coefficients in (4.20) are a2,1 = a3,2 = −a3,1 = 1. Let h : S3 7→ Conf3(S3) ∼= S3×S2
be a map such that p1 ◦ h is null and p2 ◦ h is homotopic to the the Hopf map (where pi is
the projection onto the ith factor in S3 × S2). By naturality of the Whitehead product [42,
p. 473] we obtain from Equation (4.13)
pi3(ĵ)([α3,2, α3,1]) = [α,−α] = −2 [h], pi3(ĵ)([α3,2, α2,1]) = [α, α] = 2 [h],
pi3(ĵ)([α3,1, α2,1]) = [−α, α] = −2 [h].
(4.22)
In pi3(Conf3(R
3)) the following identity, known as Yang-Baxter relation, [20], holds
(4.23) [α3,2, α3,1 + α3,2] = 0.
To justify the identity just consider φ : S2×S2 −→ Conf3(R3), φ(ξ1, ξ2) = (q1, q1+ξ1, q1+5 ξ2),
[13]. It is easy to see from Equation (4.1) that
i1 := φ|S2×{∗} ∼= α2,1, i2 := φ|{∗}×S1 ∼= α3,1 + α3,2.
Similarly, (4.23) immediately follows from the naturality of the Whitehead product and the
fact that [i1, i2] = 0 in pi3(S
2 × S2) which is a direct consequence of the definition of the
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Whitehead product as an attaching map of the 4-cell to the 2-skeleton S2 ∨ S2 in S2 × S2.
Equations (4.23) and (4.21) yield
(4.24) [α3,2, α3,1] = [α3,1, α2,1] = −[α3,2, α2,1] .
Next, we need to prove that the link map FL associated to a Borromean link L is a multiple of
the above Whitehead products in pi3(Conf3(R
3)). Because µ¯12(Li, Lj) = 0, we may homotopy
FL to a map f˜L constant on the 2-skeleton of (S
1)3. The map f˜L represents an element in
pi3(Conf3(R
3)), such that
(4.25) [f˜L] ∈ ker(pi3(Π)), pi3(Π) : pi3(Conf3(R3)) −→ pi3((Conf2(R3))3),
where Π = Π1 × Π2 × Π3, and Πi were defined in (4.2). Recall that pi3(Conf3(R3)) ∼=
pi3(S2,1) ⊕ pi3(S3,1 ∨ S3,2), [42, p. 189], and the group pi3(S2,1) ∼= Z is generated by a Hopf
map h21. The group pi3(S3,1 ∨S3,2) ∼= Z⊕Z⊕Z is generated by Hopf maps h3,1, h3,2 and the
Whitehead product [α3,2, α3,1] (which immediately follows from the split short exact sequence
0 7→ pi4(S2 × S2, S2 ∨ S2) 7→ pi3(S2 ∨ S2) 7→ pi3(S2 × S2) 7→ 0, [42, p. 492]). We expand
[f˜L] = c1[h2,1] + c2[h3,1] + c3[h3,2] + c4[α3,2, α3,1], ck ∈ Z .
Since pi3(Πi)([hi,j]) = [hi,j ] for all 1 ≤ j < i ≤ 3, (4.25) tells us that c1 = c2 = c3 = 0 and
f˜L = c4[α3,2, α3,1].
From Theorem 4.4 and Identities (4.22) we conclude
±2µ¯123[h] = pi3(ĵ)(f˜L) = 2 c4 [h], and c4 = ±µ¯123 .
The claim (ii) follows.
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